The primitive derivation and freeness of 
multi-Coxeter arrangements 

Masahiko Yoshinaga * 
May 5, 2002 

Abstract 

We will prove the freeness of multi-Coxeter arrangements by constructing a 
basis of the module of vector fields which contact to each reflecting hyperplanes 
with some multiplicities using K. Saito's theory of primitive derivation. 
Key words: Hodge filtration; Finite reflection group; Coxeter arrangement; 
Adjoint quotient. 

1 Introduction 

Let V be a Euclidean space over M with finite dimension I and inner product /. Let 
W G 0(V, I) be a finite irreducible reflection group and A the corresponding Coxeter 
arrangement i.e. the collection of all reflecting hyperplanes of W. For each H G A, 
we fix a defining equation an G V* of H. 

In |Q, H. Terao constructed a free basis of M[V]-module 

B m (A) := {5 G Dei v | 5a H G «), WH G A }, (1) 

(m G Z> ). The purpose of this paper is to construct a basis by a simpler way using 
Saito's result and give a generalization. 

For given multiplicity fh : A — > Z>o, we say that the multi-Coxeter arrangement 
j^(m) j g f ree ^jj_ e module 

D(^) := {5 G Der y | 5a H G ViJ G ^ } (2) 

is a free R[V] -module ||. Then our main result is 

Theorem 1 Letm be a multiplicity satisfying m(H) G {0, 1} for all H G A. Suppose 
the multi-Coxeter arrangement A^ is free, thenA^ m+2k ^ (k G Z>o) is also free, where 
the new multiplicity m + 2k take value rh(H) + 2k at H G A. □ 
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We construct a basis in Theorem [?]. 

We note that A^ is not necesarily free for rh : A — > {0, 1}. If we apply Theorem [1] 
for rh(H) = or rh(H) = 1, we obtain the freeness of D 2fe (^4.) or D 2A:+1 (^4). Terao's 
basis is expected to coincide with that of ours. 

The original motivation to study the module D(^4^ m ^) came from the study of 
structures of the relative de Rham cohomology H*(fi*/ S ) of the adjoint quotient map 
X '■ — > S := Q//ad(G) of a simple Lie algebra g. In the case of ADE type Lie 
algebras, an isomorphism as C[5](= C[g] G = C[fj] ^-modules (where f) is a Cartan 
subalgebra) 

H 2 (lT g/s ) = DW 

is obtained 0. 

But for BCFG type Lie algebras, because the W action on A is not transitive, 
H 2 (f2*y s ) is expected to be isomorphic to the module ~D(A jn ') w with a suitable mul- 
tiplicity rh : ^4 — > Z> which is not constant. 



2 K. Saito's results on primitive derivation 



\A\ 



(3) 



In this section, we fix notations and recall some results. 

Let xi, ■ ■ ■ , xi e V* be a basis of V^* and Pi, P 2 , • • • , Pi £ IRfV^ be the homoge- 
neous generators of W 7 - invariant polynomials on V such that M[V^] H/ = M[Pi, P2, ■ • • , Pi 
with 

degPi < degP 2 < ■ ■ ■ < deg P e =: h. 
Then it is classically known |I] that 

hi 

y 

and 

deg P t ^<h. (4) 

It follows from (J3|) that the rational vector field (with pole along {J HeA H) D := 
on V is uniquely determined up to non-zero constant factor independently on the 
generators P\,---,Pg. We call D the primitive vector field. If we fix generators 
Pi, • - • , Pg, then gpj-, ■ • • , 9 p are able to be considered as rational vector fields on 
V. Since the Jacobian is 

. d(P 1 ,---,P e ) 



Q ■-- 



D is symbolically expressed as 



HeA 



d(xi, ■■■,x i ) 



D=— det 



9xi 



V 



dxo 



dP e . 



d 
dxi 



d 
d.r. 



Next we define an affine connection V : Derv x Deri 



Deri 
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Definition 2 For given 61,82 G Deiy with <5 2 = ^ fi~£r> 

i=l 



f) 

V 5l 5 2 := ( 



dxi' 
1=1 



□ 



The connection V can be also characterized by the formula: 

(V^^a = ^i(^2«), V linear function a G V*. (5) 

This formula plays an important role in our computations. 

The derivation Vd by the primitive vector field is particularly important. Define 
R[V] W ' T : = {/ G R[V] W \ Df = 0} = R[Pi,---,P^_i]. Then V D is an R[V] W ' T - 
homomorphism. The following decomposition of Der^ = D 1 (^4) iy has been obtained 
in 0,0. 



Theorem 3 Let n > 1, define 



g n :={5e Detf 



t=i * 



then for every n > 0, Vd induces an R[V] W,T -isomorphism Q n +\^Qn and 



n>l 



If we define 7i k := @ Q n , then it becomes a rank t free ~R{V] W -submodule of Der v , 

n>k 

which is called the Hodge filtration. □ 



In particular, V D : Tr^TL 1 = D\A) W is an M[V] ^-isomorphism. All we need in 



the sequel is the existence of an injection V^ 1 : Der^T — > Der^ 



3 Construction of a basis 

We construct a basis of D(A^ 2k+m ^). The following is a key lemma which connects 
two nitrations, the Hodge filtration and the contact-order filtration. 

Lemma 4 Let S',S G Dery be vector fields on V and assume Vd<5' = 8. Then for 
any H G A, 5an is divisible by ot^ if and only if 5' an is divisible by a^ +2 . 
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Proof. 

Suppose 8' a = a m f (where a = an)- Then from 



(V D 5')a = D(5'a) = -det 



/ 9a 



(6) 



\ axv axe oil v J > / 



Thus 5a is divisible by a m '~ 2 . Further, assume / is not divisible by a, let us show 
that 5a is not divisible by a m _1 . Take a coordinate system xx, • ■ ■ , Xe-i, X£ such that 
Xt = a, then it suffices to show that 



/ dfx 

I dx! 



dP e . 



det 



V 



dPi 



dxi 
dPi- 



1 \ 



is not divisible by a. 



dx£. 



After taking ®C and restricting to Hq :— H ® C, determinant above can be inter- 
preted as the Jacobian of the composed mapping 



0: H c 

(xi, • • -,X£-i,0) 
On the other hand, since the set 

{x E V®C\ PiO) = 



SpecC[V] w ' T 
--P e -i(x) = 0} 



is a union of some eigenspaces of Coxeter transformations in W, which are regular, 
that is, they intersect with H c only at G Hq 0,0. Hence _1 (O) = {0} C H c , 
and the Jacobian of cannot be identically zero. □ 



Remark 5 The precise expression of the Jacobian of is obtained in [Q. It is equal 

to the reduced defining equation of the union of hyperplanes |J (H fl H'), on 

H'eA\{H} 

H. 

Because of Theorem |3] the operator V^ 1 is well defined on Der^T = D 1 (^4) w/ , we 
have 

Lemma 6 Let 5 E Derj^ be a W -invariant vector field on V . Then for any H e A, 
5an is divisible by a]} if and only if (V~ ID 1 S)aH is divisible by a^ +2 .D 

By induction with Ti 1 = D 1 (^4) H/ , Lemma |6| indicates 

U k = V D k+1 D\A) w c D 2k+1 (A) W . (7) 
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The converse is also true, which will be proved in §f|. 

i 

We denote by E := Yl x i~&r ^ ne Euler vector field. Note that E is contained in 
i=i 

D 1 (^.) w/ , VgE = 5 and V_e5 = (deg5)<5 for any homogeneous vector field 6 E Dery. 
By Theorem |3|, we have a "universal" vector field V^-E 1 . 

As in §[I], let m : A — > {0, 1} be a multiplicity and assume that S±, 5%, ■ ■ ■ , 8% E 
D(^4^ m ^) be a free basis of the multiarrangement A^ m \ 

Theorem 7 Under the above hypothesis, V^ fc -E, • • • , V^V^i? /orm a /ree fraszs 
o/D(^™ +2fe )). 

Proof. 

Let 5 G D(^), we first prove V 6 V D k E G D(^™+ 2fc )). From (0), W D k E G D 2fc+1 (^), 
we may assume 

(V D k E)a = a 2k+1 f (8) 
for a = an, {H E A). Applying 5 to the both sides of (||), we have 

(V s V D k E)a = a 2k {{2k + l){Sa)f + a{Sf)) . (9) 

Since 5a is divisible by a with multiplicity m{H) < 1, hence (V E)oc is divisible 

by a" l( ~ H ^ +2k . 

Here we recall G. Ziegler's criterion on freeness of multiarrangements. 

Theorem 8 || Let rh : A — > Z> fee a multiplicity and Si, • • ■ , 8^ E D(„4^ m ^) be ho- 
mogeneous and linearly independent ov er C[V] . TTien /ree witt basis 5\, ■ ■ ■ , 5e 
if and only if 

e 

^degtf; = ^ m{H). 
i=i HeA 

We compute the degrees of VsjV^E, ■ ■ ■ , V^V^-E, 

Elideg(V 5l V D fc £) = Eli(^ + deg<y 

= fcW + E i=1 deg5i, 



□ 



(10) 



where /i = deg Pe is the Coxeter number. On the other hand, the sum of multiplicities 
is 

^2(m(H) + 2k) = 2k\A\ + ^m{H) (11) 



HeA HeA 



The assumption implies ^HeA^i^) = Yl!i=i deg<5i and because of (H), we conclude 
that (|Tg) coincides with (0). □ 
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4 Some conclusions 

Lemma 9 Vj^D 2k+1 (A) w C D 2k ~\A) w (Jfe > 0). 
Proof. 

We only prove for % = £, remaining cases can be proved similarly. It is sufficient 
to show that (V D 5)ot Ho has no poles for any 5 G D 2k+1 (A) W and H G A. By (§), 
QD5oih can be divided by a# , so all we have to show is that QD8an is divisible 
by (3 := an 1 for all H' G A\{H }. We denote by sp G W the reflection with respect 
to the hyperplane H' C V, then 5/3(0) is expressed in the form s l g(a) = a + 2c/? for 
some c6l. Apply to the function QD5a, since D and 5 are jy-invariant, and 
sp{Q) = -Q, 

s p (QD5a) = -QD5a - 2cQD8(3. 
by using the equation sp(QD5l3) = QD8/3, we have 

S(S (QD5a + cQD5(3) = -(QD5a + cQD5(3). 

So QD5a + cQD5(3 is divisible by (3, but from the first half of this proof, cQD8(5 is 
divisible by (3, and the other term QD5a is also divisible by (3. □ 
As a consequence of induction, we have 

Corollary 10 1 H k = D 2k+1 (A) W . □ 

Finally, we apply Theorem [E]to in = or m = 1 , since both D°(U) = Der y and 
D 1 (^4) are free, we obtain 

Corollary 11 § D m (A) is free for aU m > 0. □ 
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